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Nonlinear Kalman filters are algorithms that approximately
solve the Bayesian filtering problem by employing the measurement
update of the linear Kalman filter (KF). Numerous variants have
been developed over the past decades, perhaps most importantly
the popular sampling based sigma point Kalman filters.
In order to make the vast literature accessible, we present
nonlinear KF variants in a common framework that highlights
the computation of mean values and covariance matrices as the
main challenge. The way in which these moment integrals are
approximated distinguishes, for example, the unscented KF from
the divided difference KF.
With the KF framework in mind, a moment computation problem is defined and analyzed. It is shown how structural properties
can be exploited to simplify its solution. Established moment computation methods, and their basics and extensions, are discussed
in an extensive survey. The focus is on the sampling based rules
that are used in sigma point KF. More specifically, we present
three categories of methods that use sigma-points 1) to represent
a distribution (as in the UKF); 2) for numerical integration (as in
Gauss-Hermite quadrature); 3) to approximate nonlinear functions
(as in interpolation). Prospective benefits and downsides are listed
for each of the categories and methods, including accuracy statements. Furthermore, the related KF publications are listed.
The theoretical discussion is complemented with a comparative
simulation study on instructive examples.
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Many real world problems have a common underlying structure in which the task is to estimate a latent dynamic state from measurements that are taken at specific
time instances. Examples include air traffic control [1],
where the state comprises the position and velocities of
aircraft that are observed by an airport radar; navigation
[2], where the state includes the user position and its
derivatives, and the measurements might come from a
GPS or an inertial measurement unit; or speech processing [3], where the states might be formant frequencies
and the measurements are extracted from an estimate
of the spectrum. Stochastic state-space models can be
used to describe all of these examples in a realistic and
mathematically appealing way. The resulting estimation
task appears in the form of a Bayesian state estimation
problem [4].
The Bayesian filtering problem that is addressed
in this tutorial has an elegant mathematical solution,
the Bayesian filtering equations [4]. Unfortunately, the
mathematical elegance cannot be translated to algorithms in all but a few special cases. In contrast, the
Kalman filter [5, 6] is a recursive algorithm that has
been developed for optimal filtering in linear models, and has been used in countless applications since
the 1960s. Interestingly, the first problem where the
KF made an impact was in fact a nonlinear navigation problem in the Apollo mission [7]. This immediate development of the extended Kalman filter (EKF)
has been followed by many nonlinear KF adaptations
[6, 8—11].
The interest in the Bayesian filtering problem has
significantly increased in the last two decades, mainly
due to advances in computing. In the early 1990s,
the particle filter [12, 13] was developed to approximately implement the Bayesian filtering equations using sequential Monte Carlo sampling. At the same time,
a sampling based extension of the Kalman filter was
suggested [14] to improve upon the EKF, eliminate
the need for Jacobian matrices, while still retaining the
KF measurement update and its computational complexity. Several related algorithms followed: the unscented Kalman filter (UKF) and the underlying unscented transformation were further refined in [15, 16];
numerical integration filters [17, 18] were developed
from an alternative starting point to arrive at a very
similar recursion; and interpolation variants [17, 19, 20]
introduced sampling for function approximation in the
spirit of the EKF. In this tutorial, we address these
aforementioned sampling based sigma point Kalman filters [21].
Although the literature on nonlinear Kalman filters
appears very diverse, it turns out that all variants can be
expressed in an intuitive common framework (Gaussian
filters [22], Riccati-free Kalman filters [2, 23]). The
computation of mean values and covariance matrices
of nonlinearly transformed (Gaussian) random variables
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appears as a common challenge. The employed methods
to approximate these statistical moments distinguishes,
for example, the UKF from the divided difference filters
of [20]. By emphasizing this common structure, we
hope to simplify the reader’s access to the extensive
literature.
The occurring moment computation problem has
also been explored beyond the filtering context [24, 25].
We provide a detailed analysis that reveals useful structural properties, some of which are exploited in the existing methods. Deeper understanding of these properties can give rise to new methods and, in special cases,
even reduce n-fold moment integrals to one-dimensional
problems.
The moment computation methods that are used in
sigma point Kalman filters avoid analytical approximations in favor of sampling techniques. We thoroughly investigate the most common approaches and group them
into three categories in which the sigma points carry different roles. More specifically, we present sigma points
that approximate distributions as in the UT; sigma points
that are used in numerical integration; and sigma points
that are used to interpolate nonlinear functions. Interestingly, many equivalences between methods can be
shown. Accuracy statements are given where available
and also the related KF publications are listed, including
recent developments. With this critical survey we hope
to clarify the basis of most nonlinear Kalman filters and
provide realistic expectations of what a KF can achieve.
Existing overview papers on nonlinear Kalman filters include [26], which significantly extends the numerical integration perspective on the UKF in [17]; [27], in
which the UKF and interpolation filters are analyzed
and compared as local derivative-free estimators; [23],
which establishes relations between sigma point filters
and analytical EKF variants; and the recent survey [28],
which assumes the linear regression Kalman filter perspective of [29] and discusses algorithms in similar categories as we do in Sec. IV, albeit with less material on
the numerical integration and function approximation
perspectives. The present tutorial is based on the thesis
[30] and complements the existing literature by highlighting the moment computation problem that is central
to all nonlinear Kalman filters. Especially the extensive
treatment of the analytical moment expressions and the
resulting insights for sigma point methods distinguish
our paper from previous work.
The structure of the paper is as follows. The introduction is followed by an overview of Bayesian filtering
and the unifying framework for nonlinear Kalman filters
in Sec. II. The moment computation problem is defined
in Sec. III and analyzed in greater detail. Methods to
approximately solve the moment integrals are surveyed
in Sec. IV. A simulation study with several experiments
is presented in Sec. V and followed by Sec. VI with
concluding remarks.
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II.

BAYESIAN STATE ESTIMATION AND NONLINEAR
KALMAN FILTERS

This section provides the required background on
state-space models and filtering theory. Most importantly, nonlinear Kalman filters are presented in a unified framework that highlights moment computations as
central step in each of the algorithms. This motivates for
the detailed treatment of moments in Sec. III and IV.
The discussion is extensive. Readers with a background in Bayesian filtering can advance to the nonlinear KF part in Sec. II-D. Alternative references include
[4] as a classic on Bayesian state estimation, and more
recent treatments in [2] or [22]. A standard reference
on the Kalman filter and linear estimation is [6].
A. Stochastic State-Space Models
Stochastic state-space models permit an intuitive
and powerful mathematical framework for describing
real world processes that are subject to uncertainty, for
example the position and velocities of aircraft that are
observed by an airport radar.
We consider the general discrete-time model
xk = f(xk¡1 , vk¡1 ),

(1a)

yk = h(xk , ek ),

(1b)

with the state x 2 X , the measurement y 2 Y, and the
process and measurement noise v 2 V and e 2 E, respectively. The function f : X £ V ! X determines the evolution of x in the state difference equation (1a). Similarly, the function h : X £ E ! Y determines the measurement in the measurement equation (1b). Uncertainties in the state evolution and measurements are modeled by asserting that the initial state x0 and the noise
vk¡1 and ek are random variables with known distribution for all k > 0. Common assumptions are that vk¡1
and ek are white and uncorrelated to x0 and each other;
or that the noise sequences1 and the initial state are independent and admit the joint probability density function
p(x0 , v0:k¡1 , e1:k ) = p(x0 )

k
Y

p(vl¡1 )p(el ):

(1c)

l=1

The functions f and h and all densities in (1c) are assumed to be known, but allowed to be time-varying.
That allows for including deterministic input signals in
(1) through either the function f or the process noise
density p(vk¡1 ). An extra time index on the functions
and densities is omitted for brevity. Following physical reasoning, it is assumed that all measurements are
affected by noise and that dim(E) = dim(Y). In fact, additive measurement noise is most common in (1b). For
some cases, e.g., when the system (1) is operating in a
feedback control loop, the joint density p(x0 , v0:k¡1 , e1:k )
cannot be factored as in (1c) because ek affects vk .
1 We

use the short hand notation v0:k¡1 to denote the sequence
fv0 , v1 , : : : , vk¡1 g.
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An alternative to specifying (1) is to describe the
state and measurement processes in terms of the conditional densities2
xk » p(xk j xk¡1 ),

(2a)

yk » p(yk j xk ):

(2b)

The symbol » in (2a) denotes that, given xk¡1 , the
state xk is drawn from a conditional distribution that
admits the transition density p(xk j xk¡1 ). The density
p(yk j xk ) is termed likelihood. For the case of additive
independent noise in (1), the transition density and likelihood can be specified in terms of the process and measurement noise densities p(vk¡1 ) and p(ek ), respectively.
The formulation (2) highlights some conditional independence properties in the independent noise case that
are important in the derivation of the Bayesian filtering
equations [4]:
p(xk j x0:k¡1 , y1:k¡1 ) = p(xk j xk¡1 ),
p(yk j x0:k , y1:k¡1 ) = p(yk j xk ):
B. Bayesian State Estimation

(3a)
(3b)

The models (1) and (2) fully characterize the state
and measurement sequences in a probabilistic manner.
This interpretation of the state as a random variable
is the cornerstone of Bayesian state estimation, and
facilitates the elegant mathematical treatment in terms
of probability density functions. In this paper, we shift
our attention to estimation problems in which we try to
recover the marginal3 density p(xk j y1:l ) of a single state
xk given the model and a sequence of measurements y1:l .
The previous section has shown how x0:k and y1:k are
generated from x0 , v0:k¡1 , and e1:k . As a consequence,
the joint density p(x0:k , y1:k ) is a nonlinear transformation of the density p(x0 , v0:k¡1 , e1:k ). Slightly more general, the density p(x0:k , y1:l ) can be obtained in the same
way. The manipulations of probability density functions
Z
(4a)
p(xk , y1:l ) = p(x0:k , y1:l )dx0:k¡1 ,
p(xk , y1:l )
,
p(y1:l )
Z
p(y1:l ) = p(xk , y1:l )dxk ,

p(xk j y1:l ) =

tering problem is obtained. The focus of this article is
on filtering and the inherent one-step-ahead prediction,
but similar challenges appear in the smoothing problem [22].
The above view of Bayesian state estimation in terms
of transformation, conditioning, and marginalization of
probability density functions is intuitive. It includes
filtering, prediction, and smoothing, and it covers the
case of arbitrary correlation in the noise. Unfortunately,
it faces some issues. First, finding p(x0:k , y1:k ) from
p(x0 , v0:k¡1 , e1:k ) is a challenge beyond hope for all but
the simplest models (1). Second, the use of state and
measurement sequences does not immediately yield a
recursive filtering algorithm.
The Bayesian filtering equations, in contrast, do
yield a recursion for the filtering density p(xk j y1:k ):
Z
p(xk j y1:k¡1 ) = p(xk j xk¡1 )p(xk¡1 j y1:k¡1 )dxk¡1 ,
(5a)
p(xk j y1:k ) =

p(yk j xk )p(xk j y1:k¡1 )
,
p(yk j y1:k¡1 )
Z
p(yk j y1:k¡1 ) = p(yk j xk )p(xk j y1:k¡1 )dxk :
=

(4c)

show how the Bayesian state estimation problem of
finding (4b) can, in principle, be reduced to the basic operations of conditioning and marginalization. This holds
for any l and k. In fact, the order of marginalization and
conditioning can be interchanged. Depending on the relation between k and l, three different Bayesian state estimation problems can be distinguished. The case k > l
constitutes a prediction problem, the case k < l gives a
smoothing or retrodiction problem, and for k = l a fil2 For simplicity, we assume the densities to exist. A more general
treatment is possible by working on transition kernels [31] instead.
3 as opposed to the joint density p(x
1:k j y1:l )

(5b)
(5c)

The derivation of (5) relies on the structural properties
(3) of the model (1) and can be found in [4]. Similarities
between (5) and (4) are apparent, and so it comes
as no surprise that some of the challenges of (4) are
inherited. First, the marginalization integrals might not
be tractable. Second, the filtering density p(xk j y1:k )
cannot in general be described by a finite number of
parameters. For example, in a linear system that is
driven by two-component Gaussian mixture noise vk ,
the number of parameters to describe p(xk j y1:k ) grows
exponentially in k [2].
C.

(4b)

p(xk , yk j y1:k¡1 )
p(yk j y1:k¡1 )

Linear Gaussian Models and the Kalman Filter

One of the few exceptions for which the Bayesian
filtering equations are tractable is the linear Gaussian
case. Here, the state transition and measurement equations of (1) can be written as
xk = Fxk¡1 + Gvk¡1 ,

(6a)

yk = Hxk + ek :

(6b)

Moreover, the initial state and process and measurement
noise are mutually independent Gaussian with
p(x0 , v0:k¡1 , e1:k )
= N (x0 ; x̂0 , P0 )

k
Y
l=1

N (vl¡1 ; 0, Q)N (el ; 0, R): (6c)

Again, we allow the model to vary with time, e.g., F or
Q, but omit the time indices.
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By induction, it can be easily shown that the filtering
density p(xk j y1:k ) remains Gaussian for all k > 0. As a
consequence, the Bayesian filtering equations (5) appear
as the update equations for mean values and covariance
matrices that are known as the Kalman filter (KF) of [5].
From the filtering density p(xk¡1 j y1:k¡1 ) = N (xk¡1 ;
x̂k¡1jk¡1 , Pk¡1jk¡1 ), the one-step-ahead prediction density
p(xk j y1:k¡1 ) = N (xk ; x̂kjk¡1 , Pkjk¡1 ) can be obtained. The
updated mean value and covariance matrix
x̂kjk¡1 = F x̂k¡1jk¡1 ,

(7a)

Pkjk¡1 = FPk¡1jk¡1 F T + GQGT

(7b)

constitute the KF time update or prediction step.
Slightly more general, the joint prediction density of
the state and output is given by
p(xk , yk j y1:k¡1 )
Ã· ¸ ·
¸ "
Pkjk¡1
x̂kjk¡1
xk
;
,
=N
yk
ŷkjk¡1
MkT

Mk
Sk

#!

,

(8)

with the mean and covariance of the predicted output
ŷkjk¡1 = H x̂kjk¡1 ,

(9a)

Sk = HPkjk¡1 H T + R,

(9b)

and the cross-covariance
Mk = Pkjk¡1 H T :

(9c)

The conditioning step in the Bayesian filtering equations simplifies considerably, because rules for the
Gaussian distribution can be applied. The KF measurement update yields p(xk j y1:k ) = N (xk ; x̂kjk , Pkjk ) with the
filtering mean and covariance
x̂kjk = x̂kjk¡1 + Mk Sk¡1 (yk ¡ ŷkjk¡1 )

(10a),

Pkjk = Pkjk¡1 ¡ Mk Sk¡1 MkT :

(10b)

It is common to introduce the Kalman gain Kk =
Mk Sk¡1 and express the measurement update as
x̂kjk = x̂kjk¡1 + Kk (yk ¡ ŷkjk¡1 )

(11a)

Pkjk = (I ¡ Kk H)Pkjk¡1 (I ¡ Kk H)T + Kk RKkT (11b)
= Pkjk¡1 ¡ Kk Sk KkT

(11c)

= (I ¡ Kk H)Pkjk¡1 ,

(11d)

where we listed several alternative expressions for the
filtering covariance [6].
The above presentation of the Kalman filter assumes
a linear Gaussian model (6), and in fact implements
the Bayesian filtering equations. The derivation differs
from Kalman’s perspective [5] and does not establish
certain optimality properties that also hold for nonGaussian linear systems with known noise statistics [6].
In that case, the KF is still the best linear unbiased
estimator (BLUE) but the propagated mean values and
50

covariance matrices are no longer those of Gaussian
random variables.
D. Kalman Filters for Nonlinear Models
The preceding sections have shown two extremes.
The Bayesian filtering equations (5) are a conceptual solution to a general filtering problem that typically cannot
be implemented. In contrast, the Kalman filter solves a
specific problem but gives a simple recursive algorithm
for updating mean values and covariance matrices. The
following section shows how these complementing realities are combined in nonlinear Kalman filters.
Most real world processes exhibit nonlinearities.
Furthermore, the process and measurement noise are not
necessarily Gaussian. If the nonlinearities are mild and
if the noise is not too far from Gaussian, however, a
filter that shares a measurement update of the form (10)
is a promising candidate. These filters are henceforth
termed nonlinear Kalman filters.
The measurement update in the linear KF (10) can
be derived from the Gaussian density in (8). In analogy,
all nonlinear KF variants employ a Gaussian density
p̂(xk , yk j y1:k¡1 )
Ã· ¸ ·
¸ "
Pkjk¡1
x̂kjk¡1
xk
;
,
¼N
yk
ŷkjk¡1
MkT

Mk

#!

Sk

, (12)

to approximate p(xk , yk j y1:k¡1 ), which can be easily
shown to be non-Gaussian in the nonlinear case [22].
The measurement update (10) of the linear KF follows
and is thus part of any nonlinear KF. This unifying
framework is known under the names assumed density
filtering [32] or Gaussian filtering [22]. Another interpretation is that the resulting filters locally approximate
the Bayesian filtering equations [10, 27]. The differences between specific KF algorithms lie in the way in
which the mean values x̂kjk¡1 and ŷkjk¡1 , and the covariance matrices Pkjk¡1 , Mk , and Sk are computed.
Apart from the algorithmic convenience of the KF
measurement update, the approximation in (12) is reasonable because the Gaussian is the maximum entropy
distribution for a given mean and covariance [33]. That
is, if we use the exact mean and covariance of p(xk , yk j
y1:k¡1 ) then the Gaussian density in (12) is the least restrictive choice in some sense. Moreover, the KullbackLeibler divergence
Z
KL(pkp̂) = ¡ p(xk , yk j y1:k¡1 )
£ ln

μ

¶
p̂(xk , yk j y1:k¡1 )
dxk dyk
p(xk , yk j y1:k¡1 )

(13)

is minimized by matching the moments [34] of the exact
density and its Gaussian approximation, which gives
further motivation for using the exact mean values and
covariance matrices in (12).

JOURNAL OF ADVANCES IN INFORMATION FUSION

VOL. 11, NO. 1

JUNE 2016

Next, we present the moment integrals to compute
the parameters of (12). First, the one-step-ahead prediction of the state is discussed. The model (1a) shows that
xk depends nonlinearly on xk¡1 and vk¡1 . In the Kalman
filter context with independent noise we assume that the
joint density
p(xk¡1 , vk¡1 j y1:k¡1 )
¼ N (xk¡1 ; x̂k¡1jk¡1 , Pk¡1jk¡1 )N (vk¡1 ; 0, Q) (14)
is Gaussian. The mean value and covariance matrix
of the predicted state are then given by the moment
integrals
x̂kjk¡1 ¼ Efxk j y1:k¡1 g
ZZ
=
f(xk¡1 , vk¡1 )

and
Pkjk¡1 ¼ covfxk j y1:k¡1 g
ZZ
=
(f(xk¡1 , vk¡1 ) ¡ Efxk j y1:k¡1 g)

¼ N (xk ; x̂kjk¡1 , Pkjk¡1 )N (ek ; 0, R)

(18)

in the case of independent Gaussian noise. The remaining moment integrals follow as
ŷkjk¡1 ¼ Efyk j y1:k¡1 g
ZZ
=
h(xk , ek )p(xk , ek j y1:k¡1 )dxk dek , (19a)
Sk ¼ covfyk j y1:k¡1 g
ZZ
=
(h(xk , ek ) ¡ Efyk j y1:k¡1 g)
£ p(xk , ek j y1:k¡1 )dxk dek ,

(19b)

Mk ¼ covfxk , yk j y1:k¡1 g
ZZ
=
(xk ¡ Efxk j y1:k¡1 g)
£ (h(xk , ek ) ¡ Efyk j y1:k¡1 g)T
£ p(xk , ek j y1:k¡1 )dxk dek :

£ (f(xk¡1 , vk¡1 ) ¡ Efxk j y1:k¡1 g)T
£ p(xk¡1 , vk¡1 j y1:k¡1 )dxk¡1 dvk¡1 : (15b)
For linear models, (15) simplifies to the KF time update
(7). If the noise vk¡1 enters additively, it does not
influence (15a) and appears in (15b) similar to the Qdependent term in (7b).
The computation of the remaining parameters ŷkjk¡1 ,
Sk , and Mk can be approached in two different ways. The
first option is to accept that
(16)

is a function of xk¡1 and both the process and the
measurement noise. Consequently, the expected values
must be carried out with respect to a joint density
p(xk¡1 , vk¡1 , ek j y1:k¡1 ).
Alternatively, and common in Kalman filtering algorithms, an intermediate approximation
p(xk j y1:k¡1 ) ¼ N (xk ; x̂kjk¡1 , Pkjk¡1 )

p(xk , ek j y1:k¡1 )

£ (h(xk , ek ) ¡ Efyk j y1:k¡1 g)T

£ p(xk¡1 , vk¡1 j y1:k¡1 )dxk¡1 dvk¡1 , (15a)

yk = h(f(xk¡1 , vk¡1 ), ek )

Combining (17) with the measurement noise density
yields

(17)

is used in the remaining computations. We present the
second option below but note that both approaches have
their pros and cons. The choice should depend on the
accuracy of utilized moment computation methods and
the nonlinearities. The intermediate Gaussian density
(17) might not reflect the true prediction density well.
On the other hand, the composition of the measurement
and state transition functions in (16) might be too
complicated to be treated directly. For the linear case,
there is no difference between the two.

(19c)

For the linear case, the above expressions simplify
to (9).
The computation of (15) and (19) is the crucial
challenge in any nonlinear KF. Due to the involved
nonlinearities in the model (1) the integrals are typically intractable. Therefore, approximations are utilized.
The list of employed concepts includes linearization in
the EKF [6]; truncated Taylor polynomials beyond linearization [8, 9, 35]; statistical linearization and alternative function approximations [11, 36—39]; interpolation
approaches in the divided difference filters [17, 19, 20];
Monte Carlo [40] and deterministic numerical integration [17, 18, 41, 42] or a combination [43]; and variants of the unscented transformation [15, 16, 44] in the
UKF. The majority of the above algorithms are sampling
based and can be categorized as sigma point Kalman
filters [21].
With the nonlinear KF application in mind we define and analyze the moment computation problems in
Sec. III. The methods to solve it, with reference to the
related KF variants, are discussed in Sec. IV.
Due to the approximations, many results of the linear
KF are no longer valid. For example, there is no nonlinear equivalent to the stationary KF [6] in which Pkjk
converges to a constant. Furthermore, the order in which
measurements are processed in the case of a (block)
diagonal measurement noise covariance R matters, as
opposed to the linear case [6]. A recommendation from
[45] is to process the most accurate measurement first,
and then refine the utilized approximation by, for example, re-linearization in an EKF.
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The above discussion used Gaussian noise in (14)
and (18) as this results in desirable structural properties
of the moment integrals (15) and (19). In the nonGaussian case the relevant densities can be replaced.
We conclude this section with a warning. The Gaussian distribution has limitations because it cannot model
phenomena such as heavy tails, skewness, bounded support, or multimodality. An example is shown in Fig. 1,
where a Gamma density is illustrated along a Gaussian
with the same mean and covariance. The Gamma density is non-zero only for x > 0, which is clearly not the
case for the Gaussian. Similarly, the Gaussian is symmetric about its mean value. Accordingly, it is a realistic
view that Kalman filters, with their close relation to the
Gaussian distribution, cannot solve any arbitrary filtering problem. However, more advanced algorithms such
as the interacting multiple model (IMM) filter [1] or
marginalized particle filters [46] can solve more complicated cases, and employ nonlinear Kalman filters as
building blocks.
III. A DETAILED TREATMENT OF THE MOMENT
COMPUTATION PROBLEM
The following section introduces and discusses the
moment computation problem that is the central challenge in the nonlinear Kalman filters of Sec. II-D, but
also relevant beyond the filtering context [24]. We cover
structural properties of the moment integrals and ways
to exploit them in greater mathematical detail. Furthermore, a compact solution in terms of the Taylor series
is presented.
A. The Moment Computation Problem
Sec. II-D highlighted that the challenges in nonlinear Kalman filtering lie in the computation of mean
values and covariance matrices of nonlinearly transformed Gaussian random variables. We here generalize
this problem to arbitrary functions of Gaussian random
variables and functions, that are not necessarily to be
seen in a filtering context. Accordingly, the notation is
adjusted: the symbol x now represents a generic random
variable4 rather than a state; f(x) represents a generic
function rather than the state transition of (1a).
A problem that is encountered in many applications
can be formulated as follows. Let the n-dimensional
random variable x have a Gaussian distribution N (x̂, P)
with the known mean vector and the covariance matrix
Efxg = x̂,

covfxg = P,

(20a)

and the probability density function
p(x) = N (x; x̂, P):

(20b)

Furthermore, let f : Rn ! Rm be a known function. How
can the random variable
z = f(x)
4 The

(21)

same symbols are used for random variables and their realizations. What is meant should be clear from context.
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Fig. 1. A Gamma density and a Gaussian with the same mean
value and variance.

be characterized in an informative but compact manner?
For special cases, the distribution of z can be obtained via a transformation theorem [47]. In general,
however, this is not possible or even desirable. An alternative is to characterize z by its moments. In the Kalman
filtering context, the first5 raw moment and second central moment of z are utilized. Of course, these are better
known as the mean value and the covariance matrix and
given by the integrals
Z
Efzg = f(x)p(x)dx,
(22a)
covfzg =

Z

(f(x) ¡ Eff(x)g)

£ (f(x) ¡ Eff(x)g)T p(x)dx:

(22b)

Furthermore, cross-covariance matrices of the form
Z
covfx, zg = (x ¡ x̂)(f(x) ¡ Eff(x)g)T p(x)dx (22c)
are required in nonlinear Kalman filters.
An example of a relevant moment computation problem is the conversion between coordinate frames. For
example, a Kalman filter might estimate a position in
polar coordinates. However, feedback to the user is
much more intuitive in Cartesian coordinates, which requires conversion of the polar mean value and its covariance by computing (22a) and (22b). A similar problem
is to initialize a Kalman filter with Cartesian state based
on the first radar measurements.
The restriction to first and second moments of z is a
convenient one, as these are intuitively stored in a vector
and a matrix. In principle also higher moments can be
considered, although their number grows exponentially
with z having m first moments, in the order of m2 second
moments, and so on. Both covariance matrices (22b)
and (22c) can be reduced to solving nested problems of
the form (22a). Therefore, we concentrate on (22a) in
some of the following discussions.
The Gaussian restriction (20b) is chosen because
of the Kalman filtering context and because of the
structural properties that follow. These are the basis of
5 We

avoid the term “order” in connection to moments and reserve it
to describe the order of a Taylor series or partial derivatives.
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the methods in Sec. IV-C. An extension to arbitrary
densities p(x) is immediate.
The moment computation problem (22) requires integration of nonlinear functions over the entire Rn ,
which is a global problem. However, the integrands
are weighted by the probability density function p(x).
Hence, only regions in which x has some probability
mass contribute to the moment integrals. This is an important aspect to consider when trying to solve (22) by
locally approximating f as in Sec. IV-D.

The following section shows how the integrals in
(22) can be manipulated in order to simplify them
and cast them into the structure that some methods of
Sec. IV require.
1) Stochastic decoupling:
The following technique is called stochastic decoupling because it can be used to turn expected values with
respect to N (x̂, P) into expected values with respect to
the standard Gaussian distribution N (0, I). It employs
an n £ n matrix square root P 1=2 of the covariance P, as
presented in (77) of App. A.
Using the rules for substitution in multivariate integrals and x = P 1=2 s + x̂, it is easy to show that
Z
Efzg = f(x)N (x; x̂, P)dx
=

f(P 1=2 s + x̂)N (s; 0, I)ds:

s1 = r sin(μ1 ),
s2 = r cos(μ1 ) sin(μ2 ),
s3 = r cos(μ1 ) cos(μ2 ) sin(μ3 ),
..
.
sn¡1 = r cos(μ1 ) ¢ ¢ ¢ cos(μn¡2 ) sin(μn¡1 ),
sn = r cos(μ1 ) ¢ ¢ ¢ cos(μn¡2 ) cos(μn¡1 ),

B. Exploiting Structure in the Moment Integrals

Z

that is taught in undergraduate calculus courses. Consider the relation s = ©(r, μ1 , : : : , μn¡1 ) with

(23)

The Jacobian determinant of the substitution rule is
det(P 1=2 ) = det(P)1=2 and cancels with the normalization constant of N (x; x̂, P). The quadratic form in the
Gaussian density collapsed to sT s.
The reformulation (23) is utilized in several methods
throughout Sec. IV. An early reference of its use in
filtering is [19].
A related
p variant is obtained from the substitution
rule x = 2P 1=2 t + x̂ and yields
Z
f(P 1=2 t + x̂)
Efzg =
exp(¡tT t)dt,
(24)
¼ n=2
an integral expression with respect to an exponential
weight exp(¡tT t). The problem of computing (24) is the
starting point for Gauss-Hermite quadrature [48] and the
numerical integration methods of Sec. IV-C.
2) From Cartesian to spherical coordinates:
The following technique can help to simplify moments of functions that depend on the range only. Furthermore, the separation of moment integrals into spherical and range components has been used to derive integration rules [18, 42, 49].
The change of variables below is a straightforward
extension of the Cartesian to polar coordinate change

(25)

where r 2 [0, 1), μn¡1 2 [¡¼, ¼), and μi 2 [¡¼=2, ¼=2)
for i = 1, : : : , n ¡ 2. From (25) follows that sT s = r2 and
thus
μ 2¶
1
r
N (s; 0, I) =
exp ¡
:
(26)
n=2
2
(2¼)
Using the substitution rule (25) in the moment integral (22a) yields an integral in terms of the range r and
the n ¡ 1 angles μ
μ 2¶
ZZ
1
r
exp
¡
Efzg =
f(P 1=2 ©(r, μ) + x̂)
n=2
2
(2¼)
£ rn¡1 cosn¡2 (μ1 ) cosn¡3 (μ2 ) ¢ ¢ ¢ cos(μn¡2 )dr dμ
(27)
over the above mentioned values, e.g., all r ¸ 0.
A closely related result can be obtained from the
fact that any Gaussian variable with the spherically
symmetric distribution N (0, I) can be generated from
a random variable » that is uniform on the unit sphere
[50]. The substitution rule x = P 1=2 r» + x̂ yields
μ 2¶
ZZ
1
r
Efzg =
f(P 1=2 r» + x̂)
exp
¡
rn¡1 dr d»,
2
(2¼)n=2
(28)
where the integration is over all r ¸ 0 and » T » = 1.
An interesting case occurs when the function depends on the range only, that is, f(P 1=2 ©(r, μ) + x̂) =
f(P 1=2 r» + x̂) = '(r). Then the spherical integration can
be performed analytically with the result
μ 2¶
Z
r
2¼ n=2
1
exp ¡
Efzg = ³ n ´ '(r)
rn¡1 dr: (29)
n=2
2
(2¼)
¡
2
Alternatively, if '(r) = Ã(r2 ) can be written as a
function of the squared range, we can arrive at a familiar
p
expression. The substitution rule r = ½ is a one-toone relation for r ¸ 0. The Jacobian determinant is
dr=d½ = 12 ½¡1=2 , and the integral can be written as
Z
³ ½´
2¡n=2
Efzg = Ã(½) ³ n ´ ½n=2¡1 exp ¡ d½:
(30)
2
¡
2
The integrand can be recognized as Ã(½) times a chisquared density with n degrees of freedom [49]. In [30],
the above technique is used to evaluate the KullbackLeibler divergence between Gaussian and Student’s t
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densities, a problem which relates to the filter development of [51].

is that the moment computation problem (22) can be
formulated in terms of the nested expressions

3) Extension beyond the Gaussian:
The Gaussian distribution is one instance of the
wider class of elliptically contoured distributions
[49, 50], in which the probability density function p(x)
is constant for elliptical regions

Efzg = EfEff(x1 , x2 ) j x2 gg
¶
Z μZ
=
f(x1 , x2 )p(x1 j x2 )dx1 p(x2 )dx2

(x ¡ x̂)T P ¡1 (x ¡ x̂) = c,

(31)

(38a)
and
covfzg = Efcovff(x1 , x2 ) j x2 gg

for c > 0. These densities can be written as
1
h((x ¡ x̂)T P ¡1 (x ¡ x̂)),
p(x) = p
det(P)

where the function h : R ! R is known as density generator [50] and satisfies
Z
Z
¢ ¢ ¢ h(s12 + ¢ ¢ ¢ + sn2 )ds1 ¢ ¢ ¢ dsn = 1
(33)
to ensure that (32) is a valid probability density function.
In the Gaussian case, the density generator is
μ T ¶
s s
T
¡n=2
exp ¡
= N (s; 0, I):
(34)
h(s s) = (2¼)
2
Both stochastic decoupling and the change to spherical coordinates can be applied to problems in which
p(x) is elliptically contoured. A discussion of this is
given in [30].
4) Exploiting structure in the function:
In contrast to the preceding paragraphs, the following discussion evolves around structure in f(x) rather
than p(x). In fact, the techniques can be applied to arbitrary p(x) and show how the moment computation problem (22) can be broken down systematically.
We consider the case in which x is composed of two
random vectors x1 and x2 , and
z = f(x1 , x2 ):

(35)

Following the rules for joint probability density functions, any density p(x) can be factored into
p(x) = p(x1 , x2 ) = p(x1 j x2 )p(x2 ):

(36)

In the Gaussian case the expression for the marginal
density p(x2 ) and the conditional density p(x1 j x2 ) are
well known [49].
Next, we recall to the reader’s attention the expressions for the conditional mean
Z
Efz j x2 g = f(x1 , x2 )p(x1 j x2 )dx1
(37a)
and the conditional covariance
Z
covfz j x2 g = (f(x1 , x2 ) ¡ Eff(x1 , x2 ) j x2 g)(f(x1 , x2 )
¡ Eff(x1 , x2 ) j x2 g)T p(x1 j x2 )dx1 :

(37b)

These resemble (22a) and (22b) except for the extra
conditioning on x2 . A useful consequence of the above
54

+ covfEff(x1 , x2 ) j x2 gg,

(32)

(38b)

where the outer expectations average over x2 . The
nested covariance expression (38b) is less known than
its counterpart (38a) and therefore derived in App. B.
The above expressions are especially useful if
f(x1 , x2 ) is an affine (or linear) function for a given
x2 , i.e.,
(39)
f(x1 , x2 ) = F(x2 )x1 + g(x2 ):
Then, the conditional expectations appear as the familiar
expressions
Efz j x2 g = F(x2 )Efx1 j x2 g + g(x2 ),

(40a)

covfz j x2 g = F(x2 )covfx1 j x2 gF(x2 ) :

(40b)

T

The moment computation problem (22) appears as
Efzg = EfF(x2 )Efx1 j x2 g + g(x2 )g,

(41a)

covfzg = EfF(x2 )covfx1 j x2 gF(x2 )T g
C.

+ covfF(x2 )Efx1 j x2 g + g(x2 )g: (41b)

The Exact Solution for Differentiable Functions

The section is concluded by a discussion about the
exact solution to the moment computation problem (22)
for functions that have a convergent Taylor series.
1)

Taylor series expansion:
Given that f is differentiable in a neighborhood of
x̂, it can be expanded as an infinite Taylor series
f(x) = f(x̂) +

n
X
@
f(x̂)x̃i
@xi
i=1

+

1
2

n
n X
X
i=1 j=1
n

+

n

@2
f(x̂)x̃i x̃j
@xi @xj
n

@3
1 XXX
f(x̂)x̃i x̃j x̃k + : : : :
3!
@xi @xj @xk
i=1 j=1 k=1

(42)
Here, x̃ = x ¡ x̂ denotes the deviation from x̂, and
(@=@xi )f(x̂) denotes the partial derivative of f with respect to xi that is evaluated at x̂. For polynomial f of degree d, the dth order Taylor series is exact everywhere.
From (20) follows that x̃ » N (0, P).
The infinite series (42) is a polynomial in the components of x̃ with the partial derivatives as coefficients.
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Consequently, its expected value can be computed from
the moments
Efx̃i g, Efx̃i x̃j g, Efx̃i x̃j x̃k g, : : :

(43)

for all combinations of i = 1, : : : , n; j = 1, : : : , n; k =
1, : : : , n; and so on. The existence of all moments is guaranteed in the Gaussian case. Moreover, all odd moments
are zero due to symmetry, for example the first and third
item in (43). The even moments can be computed from
the characteristic function [49]. For example, the second
and fourth moments,
Efx̃i x̃j g = Pij ,

(44)

Efx̃i x̃j x̃k x̃l g = Pij Pkl + Pik Pjl + Pil Pjk ,

2) A compact Taylor series notation:
The moment computation problem (22) is easily
solved for affine functions Ax + b:
EfAx + bg = AEfxg + b,

(46a)

T

(46b)

covfx, Ax + bg = covfxgAT :

the derivative operator
D=

·

@
@
,:::,
@x1
@xn

(47a)
¸

f(x) = f(x̂) + F(x̂)x̃(x̃)

(47b)

(48a)

in the infinite dimensional coefficient matrix and monomial vector
F(x̂) = [Df(x̂),
x̃(x̃) = [x̃T ,

(D −2 )f(x̂),

1 −2 T
2 (x̃ ) ,

(D −3 )f(x̂),

−3 T
1
3! (x̃ ) ,

: : :]
(48b)

: : :]T

(48c)

The expression (48a) mimics Ax + b. The randomness
has been concentrated in x̃(x̃), while F(x̂) is fully deterministic. Because of the structure in f, F(x̂) is typically
sparse because not all rows of f depend on all entries in
x. The 1=d! factors of the degree d terms can be either
assigned to (48b) or (48c). The latter option turns out
to be more convenient.
Now, the moment computation problem can be formulated as
Efzg = f(x̂) + F(x̂)Efx̃(x̃)g,

(49a)

T

(49b)

covfzg = F(x̂)covfx̃(x̃)gF(x̂) ,
covfx, zg = covfx, x̃(x̃)gF(x̂)T :

(49c)

Apparently, we have replaced (22) by the simpler problem of finding the moments of x̃(x̃). From the symmetry in the distribution of x̃ follows a “checkerboard
pattern” in
Efx̃(x̃)g =

(46c)

Motivated by the above simplicity, we now turn the
nonlinear problem (22) into an infinite dimensional
linear problem.
A related technique that uses the Kronecker product
to reshape (42) is described in [53]. Higher moments
of the Gaussian distribution and the Kronecker product are explored in [54]. Derivative operators in conjunction with the Kronecker product, as used below, are
also treated in [55]. The formulas below have been developed in [30], where a more detailed account can be
found. A related discussion with a KF background is
given in [56].
The tools that facilitate a compact expression for
(42) are the d-fold Kronecker product [53]
a−d = a − ¢ ¢ ¢ − a,

that gives all partial derivatives of order d when applied
to a function f.
Using the above, the infinite series in (42) can be
written as the linear relation

(45)

can be expressed in terms of the scalar entries of the
covariance matrix P.
We have established that (22a) can, in principle, be
computed if the required partial derivatives and moments are available. For polynomial functions, we can
compute the exact mean. For arbitrary differentiable
functions, we can compute the moments of their Taylor polynomial of degree d. A compact formula that
includes all the moments of a scalar x is given in [52].
The next step towards computing (22b) involves an
outer product of the infinite series (42). The monomials
of a specific degree are no longer grouped as in (42),
which renders the approach impractical. A reformulation of the Taylor series can improve upon this situation
as we show below.

covfAx + bg = AcovfxgA ,

that acts on each row of a function, and a combination
of the two
(47c)
D−d = D − ¢ ¢ ¢ − D

[0T ,

−2 T
1
2 Efx̃ g ,

0T ,

−4 T
1
4! Efx̃ g ,

: : :]T
(50a)

and
covfx̃(x̃)g =
2
P
6
0
6
6
6 1 covfx̃−3 , x̃g
6 3!
4

0
1
covfx̃−2 g
22

0
..
.

1
−3
3! covfx̃, x̃ g

0
1
covfx̃−3 g
(3!)2

3

7
¢¢¢ 7
7
7:
7
5
..
.
(50b)

The cross-covariance covfx, x̃(x̃)g is the first row of the
matrix in (50b). A remaining challenge is the sheer
number of terms in the expressions. However, each
entry can be obtained from the moments of the Gaussian
distribution [49]. These moment expressions simplify
significantly if the stochastic decoupling technique is
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applied. Then, however, the inherent sparsity that might
be present in F(x̂) typically disappears.
Beyond moment computation, the above results are
useful for assessing the nonlinearity of f in the neighborhood of an expansion point x̂. If the error between
the degree d Taylor approximation of f and f is small
for carefully chosen x, then f is well represented by
a polynomial. In Sec. V-B, Taylor polynomials up to
degree 5 are used to assess a range rate measurement in
terms of its nonlinearity.
3) Quadratic functions as special case:
We here investigate the special case of a specific
z = f(x) with m rows that are given by
zl = al + blT x + xT Cl x:

Hl = (Cl + ClT )

(52)

that contain the first and second order partial derivatives,
respectively, (51) can be written as
zl = fl (x̂) + Jl (x̂)(x ¡ x̂) + 12 (x ¡ x̂)T Hl (x ¡ x̂):

(53)

Because f is a polynomial of degree 2, (53) is exact
everywhere.
The moments of z can be derived using the tools
from the previous subsection together with (45). The
mean and covariance are determined by [1]
Efzl g = fl (x̂) + 12 tr(Hl P),
T

covfzl , zk g = Jl (x̂)PJk (x̂) +

(54a)

1
2 tr(Hl PHk P),

T

covfx, zg = PJ(x̂) ,

(54b)
(54c)

with k = 1, : : : , m, and l = 1, : : : , m. These expressions
can be implemented entirely sampling based as shown
in Sec. IV-D.
IV. SIGMA POINT METHODS FOR SOLVING THE
MOMENT COMPUTATION PROBLEM
In this section we discuss methods for solving the
moment computation problem (22) of Sec. III. The
discussion is focused on approximate techniques that
are all based on sampling. Apart from a brief coverage
of Monte Carlo integration, deterministic methods are
presented. The interpretation of the sigma point differs
considerably in the unscented transformation, numerical
integration, and interpolation approaches.
For convenience, we introduce the abbreviations
ẑ ¼ Efzg,

S ¼ covfzg,

M ¼ covfx, zg

(55)

for the moment approximations of the transformed random variable z = f(x).
A. Monte Carlo Integration
This section describes Monte Carlo integration in
its most basic form. It is the only stochastic moment
56

i=1

(51)

The al are scalars, the bl are n-vectors, and the Cl are
n £ n-matrices. With the Jacobian and Hessian matrices
Jl (x) = blT + xT (Cl + ClT ),

computation method that we discuss in detail. For a
more thorough treatment of Monte Carlo methods in
general the reader is referred to [57] and the dedicated
chapters in [34, 58].
The basis of Monte Carlo integration is sampling.
Hence, it is applicable to the moment computation
problem (22) with arbitrary distributions of the random
variable x, as long as they allow sampling. Specifically,
a large number N of realizations fx(i) gN
i=1 is generated,
passed through the function f to yield fz (i) = f(x(i) )gN
i=1 ,
and then used to approximate Efzg in (22a) by the
sample average
N
1 X (i)
ẑ =
z :
(56a)
N
In a similar manner, the covariance matrices covfzg and
covfx, zg of (22b) and (22c) are approximated by
N

S=

1 X (i)
(z ¡ ẑ)(z (i) ¡ ẑ)T ,
N ¡1

(56b)

i=1
N

M=

1 X (i)
(x ¡ x̂)(z (i) ¡ ẑ)T :
N ¡1

(56c)

i=1

Justification for the above expressions is given by the
law of large numbers which states that the averages in
(56) indeed converge to the true moments as N tends to
infinity. Another important point is that the accuracy of
(56a), expressed in terms of its covariance
covfẑg =

1
covfzg,
N

(57)

depends solely on the true covariance, not the dimension
n of x [58]. As a result some problems can be solved
with very few samples N, although n is big, whereas
others cannot be solved by Monte Carlo integration
p at
all. The standard deviation of a scalar ẑ decays as 1= N
which is rather slow.
Monte Carlo methods impose no restriction on the
functional form of f. If the true moments exist, then
(56) will work for sufficiently large N. Due to the random sampling, there is always some variation in the
results of (56). These variations decrease with increased
sample size N, and can be reduced further by employing variance reduction techniques [57]. If it is difficult
to generate samples of x directly, the concept of importance sampling can be used, which actually builds the
basis for the particle filter [12, 13]. Even more advanced
sampling schemes are Markov chain Monte Carlo methods [57].
The idea to use Monte Carlo integration in a nonlinear Kalman filter is mentioned in [23, 40]. It could
be argued that the required computational complexity
to run a Monte Carlo Kalman filter contradicts the idea
of maintaining only mean values and covariance matrices. Interestingly, a related KF variant beyond the scope
of this paper, the ensemble Kalman filter [59], uses
Monte Carlo sampling to mimic the KF algorithm in
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high-dimensional state spaces that prohibit the storage
of n £ n covariance matrices.
B. The Sigma Point Approximation of a Distribution
and the Unscented Transformation
The ideas of the following paragraphs were introduced in the filtering context in [14], together with
the term sigma points. Later, the somewhat mysterious
name unscented transformation (UT) was given to the
moment computation method, and the resulting filter became known as the unscented Kalman filter (UKF) [16].
As starting point, we can assume the moment computation problem (22) for a discrete random variable x
that takes values from the set fx(i) gN
i=1 with the probabilities Prfx(i) g = w(i) . The integrals in (22) then appear as
finite sums. The resulting simplicity therefore justifies
the idea to approximate the continuous density p(x) of
(22) with a discrete point mass function or Dirac mixture density [60].
The UT [15] implements the above idea by systematically selecting N sigma points and weights fx(i) , w(i) gN
i=1 .
As in MC integration, the function f is evaluated at every sigma point to yield fz (i) gN
i=1 . The moment integrals
(22) are approximated by
ẑ =

N
X

w(i) z (i) ,

(58a)

N
X

w(i) (z (i) ¡ ẑ)(z (i) ¡ ẑ)T ,

(58b)

N
X

w(i) (x(i) ¡ x̂)(z (i) ¡ ẑ)T :

(58c)

i=1

S=

i=1

M=

i=1

The expressions resemble a weighted version of (56).
However, the number of sigma points is typically much
smaller than in Monte Carlo sampling with N = 2n + 1
in the most common variant [14].
1) Sigma point and weight selection:
The problem of approximating a probability density
function by a number of representative samples goes beyond the moment computation context. For example, the
quantization problem [33, 61] in information theory is
closely related. For computational reasons, the number
of points should be small. In order to approximate the
continuous density well, however, more points would
be valuable.
The UT sigma points are chosen deterministically
such that the mean and covariance of x are preserved in
the weighted sample mean and covariance
N
X

w(i) x(i) = x̂,

(59a)

w(i) (x(i) ¡ x̂)(x(i) ¡ x̂)T = P:

(59b)

i=1

N
X
i=1

The condition (59) guarantees that (58) is correct for
affine functions. Also constraints on higher moments
can, in principle, be included [16]. For any fixed number of points N > n, infinitely many combinations of
weights and samples satisfy (59).
The original sampling scheme [15] utilizes the
columns fui gni=1 (78) of the n £ n matrix square root
P 1=2 (77) (App. A) to generate N = 2n + 1 sigma points
and weights
x(0) = x̂,

(60a)

p
x(§i) = x̂ § (n + ·)ui ,
·
w(0) =
,
n+·
1
,
w(§i) =
2(n + ·)

(60b)
(60c)
(60d)

where i = 1, : : : , n. The signed superscripts (§i) underline the symmetry in the sigma points. Accordingly, the
summation in (58) is replaced by a sum from ¡n to n.
The alternative expression for (58a)
ẑ = w(0) z (0) +

n
X

w(§i) (z (+i) + z (¡i) )

(61)

i=1

establishes a relation to the divided difference methods
in Sec. IV-D.
The authors of [15] suggest that · can be chosen as
any number such that · 6= ¡n and recommend · = 3 ¡ n.
The square root in (60b), however, suggests that · > ¡n.
Furthermore, the obtained negative w(i) for 0 > · > ¡n
compromise the interpretation as point mass function
and can lead to indefinite S in (58b). For · = 0, the UT
is identical to a cubature rule (Sec. IV-C) that is used
in [18].
For large n, the sigma points in (60) are located far
from the mean x̂, which might yield degraded results for
functions f that change severely over the x-space. The
scaled UT [62] addresses this by moving the samples
towards x̂ without violating (59). The procedure has
been condensed into a selection scheme similar to (60)
by [21].
In the selection scheme, the parameter · is replaced
by ¸ = ®2 (n + ·) ¡ n with 0 < ® · 1. The samples and
weights for (58a) or (61) are
x(0) = x̂,
p
x(§i) = x̂ § n + ¸ui
p
= x̂ § ® n + ·ui ,

¸
,
n+¸
1
w(§i) =
,
2(n + ¸)
w(0) =

(62a)

(62b)
(62c)
(62d)

with i = 1, : : : , n. The covariance (58b) is computed with
the weight wc(0) = (¸=(n + ¸)) + 1 ¡ ®2 + ¯ for the z (0)
term instead. Here, the scalar parameter ¯ is a correction
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term [16] which is recommended to be 2 for Gaussian x.
With some effort, the motivation for the above choice
can be extracted from [16] or [21]. The latter recommends that the choice of ® should depend on f as well
as covfxg = P, whereas the choice of · is secondary.
Alternative sigma point generation schemes beyond
moment matching were investigated in [60]. Instead
of a simple generation rule, the points are chosen to
minimize a cost function. The procedure is more costly
but allows the user to choose an arbitrary number of
sigma points N. In the spirit of the stochastic decoupling
technique (Sec. III-B) the authors of [39] employ the
method of [60] to generate a sigma point approximation
to N (0, I) offline. These carefully selected samples are
then transformed to represent x » N (x̂, P).
2) Accuracy considerations:
The UT is built upon the idea that a good approximation of the distribution of x should also give a good
approximation of the distribution of z. Its implementation is simple and requires hardly more than evaluating
f for all sigma points. Albeit the intuition, accuracy
statements are difficult to make. After all, how the characteristics of the weighted sigma points in x carry over
to z is highly dependent on the function f.
In an attempt to show the UT accuracy, the authors
of [15] expand the covariance (22b) as infinite Taylor
series and compare the terms of low degree to the
solutions provided by linearization and UT. It is argued
that the former gives only the first term in the infinite
series, whereas the UT does not truncate. So, more
terms of low degree in the infinite Taylor expansion of
(22b) are matched by UT. This observation has lead
to the easily misinterpreted statement that the UT is
“correct up to the second order” [15, App. II], but it
is not clear whether this “order” refers to degree of the
Taylor polynomial of (22b) or to the moments of the
transformed samples. Certainly, the statement has led to
misunderstandings.
To be clear, the UT does not give the correct first
and second6 moments (22a) and (22b) for arbitrary
nonlinearities. Furthermore, the UT does not give the
moments of a degree two Taylor approximation of f
(Sec. III-C). This is discussed and demonstrated for
a simple example in [23], and further clarified in the
simulation study of polynomial function in Sec. V-A.
Another extensive discussion of the statements in [15]
is given in [21]. Although the UT often works well,
concise accuracy statements are difficult to make. The
numerical integration perspective in Sec. IV-C alleviates
this to some extent.
3) Unscented and related Kalman filters:
The first UKF was suggested in [14] but the ideas
took several years before they appeared in journal format [15]. A complete account of the developers is given
6 As stated earlier, we reserve “order” to describe the order of a Taylor
series of partial derivative to avoid confusion.
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in [16]. An interpretation of the UKF as performing
statistical linearization is discussed in [63]. The UKF as
one member of the sigma point KF class is discussed
in [21], including its use for parameter estimation and
an account of the accuracy statements in [15]. The relations between the UKF and divided difference filters
[17, 20] are investigated in [27], and the authors of [23]
discuss asymptotic relations to analytical EKF. An extensive account of the numerical integration perspective
of UKF is given in [26]. The authors of [44] investigate
the scaling parameter in UKF variants with the sample
set (60) and devise an adaptive scaling method for ·
in an online filter. The recent smart sampling Kalman
filter [39] makes use of the alternative sampling method
[60] and allows the user to select an arbitrary number of
sigma points N. References to comparative simulation
studies are listed in Sec. V.
C.

Sigma Points and Numerical Integration
The discussion below results in methods that appear
very similar to the UT and, in fact, share the formulas (58).
As starting point, we consider the problem of computing the integral of an exponentially weighted function g(t)
Z
Z
¢ ¢ ¢ g(t) exp(¡tT t)dt1 : : : dtn :
(63)
The relation to the moment computation problem (22)
with Gaussian x is established using the stochastic decoupling technique (Sec. III-B). Specifically, the conversion of (22a) to (63) is given in (24).
The problem of computing (63) has been addressed
by mathematicians for centuries. The suggested solutions, for example Gauss-Hermite quadrature rules [48],
use formulas that are similar to (58a):
Z
N
X
g(t) exp(¡tT t)dt ¼
w(i) g(t(i) ):
(64)
i=1

The classical numerical integration literature [64, 65]
provides rules to select the N weights w(i) and sigma
points t(i) such that (64) is exact for polynomial functions of degree7 d. The number of required points N
increases as d increases. The built-in accuracy statement
is an advantage over the UT. However, by showing the
equivalence between an integration rule and a UT variant, the accuracy statements can be transferred to the
latter.
For the moment computation problem (22) a rule of
degree d gives the correct mean value (22a) for polynomial f of degree d. The covariance (22b), however,
requires integration of outer products of f. Therefore,
an integration rule of degree d computes (22b) correctly
only if f has at most degree d=2. Furthermore, the crosscovariance (22c) is computed correctly if f has at most
7 For a vector or matrix function g, the degree is the highest appearing
monomial degree. For example, g(t) = [t13 t22 ¡ 3, t2 ]T has degree 5.
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degree d ¡ 1. The above considerations are confirmed
by the simulation results in Sec. V-A.
Integration rules can be grouped into product and
nonproduct rules [64] that are further explained below.

Furthermore, the weighted transformed samples can be
written as

1) Product rules:
Product rules compute the n-fold integral (63) by
applying integration rules to one dimension at a time.
For example, the integration with respect to t1 can
be approximated by an M1 -point rule. The result is
a sum of M1 integrals with respect to the remaining
components t2:n
1
0
Z
M1
n
X
X
w1(i1 ) g(t1(i1 ) , t2:n ) exp @¡
tj2 A dt2:n :
(65)

The above (67) discloses that the degree 3 rule corresponds to the UT (60) with · = 0. Therefore, · = 0 can
be regarded as well founded parameter choice in the UT.
The authors of [18] show how to use a change to
spherical coordinates (Sec. III-B) and subsequent separation of the integral (63) into a range and a spherical
component to arrive at the above expressions. The authors of [26] assume a numerical integration perspective
on the UT to arrive at a similar expression.
An extensive numerical integration source is [64],
where the above degree-3 rule with 2n points, a degree5 rule with 2n2 + 1 points, and a degree-7 rule with
(4n3 + 8n + 3)=3 points are provided. Related Kalman
filtering advances are described in [26], including an assessment of the stability factor that relates to numerical
accuracy [65]. The recent high-degree cubature Kalman
filters of [42] provide arbitrary degree rules developed
from the integral representation (28). The number of required points grows polynomially with n, which yields
an improvement over the exponentially growing number of points in Gauss-Hermite quadrature. Also, [42]
highlights the degree-5 rule of [64] in their discussion
and KF simulations.

i1 =1

j=2

Q
Continuing in this way requires N = ni=1 Mi points and
weights in total, which renders the method unfeasible
for all but small n. The overall degree of such an ndimensional product rule is determined by the smallest
Mi . The Kronecker product can be used to compute the
overall weights and samples [66].
Gauss-Hermite quadrature rules [48] can be used
to generate the Mi weights and points for the onedimensional integrals from the Hermite polynomials.
An M-point Gauss-Hermite rule integrates polynomials
of degree d = 2M ¡ 1 exactly.
In a Kalman filter context, product rules were investigated first in [17] and later in [26, 41]. As pointed
out, the required number of points is problematic for
larger n. A technique to divide the filtering problem
into smaller chunks that can be approached by product
rules is given in [67]. The simulations in Sec. V include
3-point and 5-point (per dimension) quadrature rules.
2) Nonproduct rules:
In contrast to product rules, nonproduct rules are
tailored formulas to integrate monomials8 of at most
degree d exactly. The number of required point scales
much better with n.
An example from the filtering literature is the rule
of degree 3 that is used in the cubature Kalman filter
(CKF) of [18]. It requires N = 2n weights and sigma
points that are given by
r
n
(§i)
=§
(66a)
t
e,
2 i
w(§i) =

¼ n=2
,
2n

(66b)

with i = 1, : : : , n and the ith column ei of the identity matrix. The selection scheme (66) can be found in as early
references as [64, 65]. Using the variable substitution
(24) of Sec. III-B the t(i) can be mapped to
p
p
(67a)
x(§i) = x̂ § 2P 1=2 t(§i) = x̂ § nui :
8 and

hence polynomials.

w(§i) g(t(§i) ) =

¼n=2 1
1 (§i)
f(x(§i) ) =
z :
n=2
2n ¼
2n

(67b)

3)

Randomized integration rules:
We conclude this section with a numerical integration approach that combines Monte Carlo integration
with deterministic integration rules.
In (28) of Sec. III-B it is shown how the integral (63)
can be separated into a range and a spherical part. This
variable change is exploited in [68] in a Monte Carlo
scheme, and implemented within the Kalman filtering
context by [69] as randomized UKF variant and [43]
with the numerical integration perspective. The suggested stochastic integration filter [43] uses randomized
rules for both the radial and spherical integration, and
refines the results in an iterative scheme. Thereby, less
sigma points are required compared to a direct Monte
Carlo approach. The required number of points N depends on the user parameters, which are set to determine the degree of the radial and spherical integration
rules. The approach is further discussed and successfully tested in [70].
An immediate variation of the above is to use a deterministic integration rule for the spherical and Monte
Carlo integration for the range component. Such derived
rules can be viewed as randomized deterministic integration rules.
D. Sigma Points for Function Approximation
This section summarizes how sigma points can be
used to approximate the function f in the moment
computation problem (22). Such local approximations
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n

+

° ¡ 1 X (i)
(z ¡ 2z (0) + z (¡i) )(z (i) ¡ 2z (0) + z (¡i) )T ,
4° 2
i=1

n

1 X
M= p
ui (z (i) ¡ z (¡i) )T :
2 °

(69c)

i=1

Fig. 2. The extended sigma points of (70) (circles) and the original
samples of (68) (crosses) for n = 2. The ellipse indicates a contour
for which N (x; x̂, P) is constant. The required matrix square root is
computed using the singular value decomposition of P.

are in the spirit of linearization or Taylor approximation
of f, but with divided differences rather than analytical
derivatives.
1) Divided difference methods:
The solutions of the moment computation problem
(22) are given by (46) in the case of linear f, and by
(54) for quadratic f (51). If we consider a nonlinear f,
we might want to mimic these solutions using a local
Taylor expansion of f. The required partial derivatives
are then evaluated at the expansion point only, and do
not take into account the uncertainty in x. If, instead, the
local approximation is carried out by an interpolation
approach, the interpolation points can be chosen to also
reflect the uncertainty in x.
A linearization based on the above idea was first
suggested in [19] in the Kalman filtering context, and
extended independently to include quadratic approximations by [20] and [17]. Both motivate their development
from an interpolation point of view that replaces analytical derivatives with divided differences. The method
generates sigma points similar to the UT
x(0) = x̂,
p
x(§i) = x̂ § °ui ,

ẑ =

° ¡ n (0)
1
z +
°
2°
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x(0) = x̂,

(70a)

p
°
x(§ij) = x̂ §
(u + uj ),
2 i

(69a)

1 X (i)
(z ¡ z (¡i) )(z (i) ¡ z (¡i) )T
4°

(69b)

i=1

(70b)

with i = 1, : : : , n and j = 1, : : : , n. By construction, the
points of (68) are contained in (70): x(§ii) = x(§i) . In
addition, n(n ¡ 1) unique points are generated. The increased number of points N corresponds to that of a
degree-5 integration rule [42, 64]. Fig. 2 illustrates the
extended as well as the points of (68) for n = 2.
The exact S for quadratic f is given by
n

S=

n

n

1 X (i)
1 XX
(z ¡ z (¡i) )(z (i) ¡ z (¡i) )T + 2
4°
8°
i=1 j=1

(4z (ij) + 4z (¡ij) ¡ z (i) ¡ z (¡i) ¡ z (j) ¡ z (¡j) ¡ 4z (0) )

(68b)

(z (i) + z (¡i) ),

i=1

Sigma Point Implementation for the Moments of a
Quadratic Function:
The exact solution of the moment computation problem for quadratic f is given by (54). The divided difference solution (69) is an approximation to this in general.
If f is indeed quadratic then (69a) and (69c) are exact,
but (69b) is not. We here show how an exact S can be
computed entirely from sigma points. The material is
based on [23] and the extensions in [30, 35].
The sigma points (68) are not sufficient to make S
exact. Therefore, the set is extended to include n2 points

i=1

n

S=

2)

(68a)

where i = 1, : : : , n. The ui are the columns (78) of the
square root P 1=2 (77) (see App. A) and act as perturbation points in the divided differences. The parameter °
determines the length of the interpolation interval.
The sigma points are transformed to yield z (0) and
all z (§i) and processed as
n
X

The expressions sacrifice some inconvenient terms for
the sake of a faster algorithm. Further details on the
omitted terms are provided in [71]. The second order
divided difference method from [20] is illustrated in
(69). A first order divided difference method [19] is
obtained by retaining only the first sum in (69b), and
setting ẑ = z (0) similar to the Taylor based linearization.
The expression (69a) has the same functional form
as the UT mean in (61). A detailed discussion on the
relations between divided difference methods and the
UT is given in [27].

(4z (ij) + 4z (¡ij) ¡ z (i) ¡ z (¡i) ¡ z (j) ¡ z (¡j) ¡ 4z (0) )T :
(71)
The derivation of the above expression is provided in
App. C.
In the Kalman filter context the above leads to a
sample implementation of the second order EKF [35].
V.

SIMULATION EXPERIMENTS
In this section we provide simulations to illustrate
the performance of the moment computation methods of
Sec. IV. Insights about differences and advantages are
highlighted. Furthermore, it is shown that the methods
do not always work as out-of-the-box solutions to any
moment computation problem (22).
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Fig. 3. The legend for all subsequent figures.
TABLE I
List of evaluated methods, their abbreviation, and a reference
motivating the selected parameters.
Abbrev.Method
MC
T1
T2
D1
D2
U1
U2
U3
Q3
Q5
T2S

Monte Carlo
1st order Taylor [23]
2nd order Taylor [23]
1st order div. diff. [20]
2nd order div. diff. [20]
Unscented [14]
Unscented [21]
Cubature [18]
3-point Gauss-Hermite [17, 48]
5-point Gauss-Hermite [17, 48]
2nd order Taylor, sigma points [35]

Parameters
N = 50 000
–
–
°=n
°=n
® = 1; ¯ = 0; · = 3 ¡ n
® = 10¡3 ; ¯ = 2; · = 0
® = 1; ¯ = 0; · = 0
–
–
° = 0:1

The examples include polynomial functions as well
as a radar target tracking problem that occurs in air
traffic control. The displayed methods are chosen in
favor of a compact description that aims at both new
and experienced researchers in the field. Hence, simple
rules are favored over the more advanced methods
that are mentioned in Sec. IV. The reader is referred
to [23, 28, 30, 42] for other comparative simulation
studies of moment computation methods in the spirit
of our discussion below, and to [21, 26, 27, 29, 70] for
comparative studies of the related filtering algorithms.
The investigated moment computation methods are
first and second order Taylor approximation using analytical derivatives (T1 and T2, Sec. III-C); first and second order divided difference approximations (D1 and
D2, Sec. IV-D.1) and the related second order Taylor
approximation using sigma points (T2S, Sec. IV-D.2);
Monte Carlo integration (MC, Sec. IV-A); three variations of the unscented transformation with different parameter settings including a degree-3 cubature rule (U1—
U3, Sec. IV-B); and 3-point and 5-point (per dimension)
Gauss-Hermite quadrature rules (Q3 and Q5, Sec. IV-C)
which are more accurate than UT at the expense of more
sigma points (3n and 5n ). Table I summarizes the abbreviations used and the parameters according to Sec. IV.
The plot legend for all subsequent illustrations is given
in Fig. 3.
A. Polynomial functions
First, two quadratic functions are used to study the
moment computation problem (22) with Gaussian input.
In this case Sec. III-C describes the exact analytical
solution T2 that can be compared to the approximate
methods. Second, the composition of the two functions
is studied, both in a two stage and single stage approach.

Fig. 4. The result obtained when using different methods to
transforming x. The legend for this and subsequent figures is given
in Figure 3. (a) y = f 1 (x). (b) y = f 2 (x).

The two two-dimensional quadratic functions f 1 and
f are specified as in (51) with the parameters
· 1¸ ·
·
¸
¸
a1
0:1 0:2
¡0:2
1
1
,
=
, [b1 b2 ] =
a12
0:2 0:3
0
¸
¸
·
·
0:15
0
0:025 0:009
, C21 =
,
C11 =
0
0:05
0:003 0:005
2

·

¸
a21
a22

=

C12 =

·

0

¸

,

1:2
·
0:625

¡0:303

[b12

b22 ] =

¡0:303
0:275

¸

·

,

¡0:8 0:4
0:8

C22 =

(72a)

¸

,
0:4
·
0:08
0

0
0:28

¸

,

(72b)

where the superscript is used to distinguish between
the two functions. The input is assumed Gaussian x »
N ([0, 1]T , 4I).
1)

Quadratic Transformation:
The results from applying the different methods in
Table I to compute the mean and covariance of f 1 (x)
and f 2 (x) are presented in Fig. 4. Illustrated are the
ellipses that contain 95 percent of the probability mass
of a Gaussian with the computed mean and covariance.
We notice that f 1 is less nonlinear than f 2 , which
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can be observed from the visualization of the correct
target distribution which has been obtained as a kernel
density estimate from MC samples. Both T2 and T2S
by construction provide the exact mean and covariance.
With f 1 and f 2 being polynomials of degree 2, the
correct mean is recovered by all integration rules of
degree 2 and above. This includes the UT variants U1,
U2, U3 which can be seen as integration rules of degree
3 [26], but also the algebraically equivalent D2. The 3point and 5-point (per dimension) quadrature rules with
degrees 2 ¢ 3 ¡ 1 = 5 and 2 ¢ 5 ¡ 1 = 9, respectively, also
manage to capture the correct covariance which requires
an integration rule of degree 4 for f 1 and f 2 . In contrast
to the UT variants (N = 2n = 4 or N = 2n + 1 = 5), Q3
and Q5 use more sigma points (N = 3n = 9 and N =
5n = 25). Still, with n = 2 the computational demands
remain low. The MC method with 50 000 samples is
very close to the correct solution. Only T1 and D1 with
their underlying linearity assumption fail to capture the
correct mean and severely underestimate the covariance.
The methods perform mostly well for the quadratic
functions, especially for the mildly nonlinear f 1 the
approximations are similar, including T1 and D1. For f 2
the differences are more pronounced and the degree 3
rules U1, U3, and D2 do not reflect the true uncertainty
ellipse well.
In summary, T2, T2S, Q3, and Q5 are exact for
quadratic functions. The UT variants fail to capture the
correct covariance with U2 slightly better for the chosen
function f 2 . D1 and T1 can perform very poorly, even
though the nonlinearity is mild in the sense that it is
only “one degree above linear.” Other experiments with
randomly selected quadratic functions support the above
findings [30].

Fig. 5. The result obtained when applying the different
approximations to a quartic function. Note that the MC solution is
only correct in (a) as an intermediate approximation is performed in
(b). Therefore the composed MC estimate has been added as dotted
black line in the latter case. (a) Direct function evaluation, z = f 3 (x),
corresponding to keeping the same sigma points. (b) Sequential
function evaluation, y = f 1 (x) and z = f 2 (y), with intermediate
sigma point regeneration.

2) Quartic Transformation:
In a second simulation a quartic function f 3 is constructed by composing f 2 and f 1 , f 3 (x) = f 2 (f 1 (x)).
This allows us to study the selected methods on a higher
degree polynomial than covered by most methods in
Table I, as well as touching on the interesting questions: “When considering a series of transformations, is
it preferable to keep the same sigma points throughout the
approximation, or should new sigma points be selected in
each step?” This has implications to the filtering problem where the time propagation step and measurement
prediction are performed in series (Sec. II-D) and for
cases where a function can be decomposed into simpler
ones.
Fig. 5 shows the result obtained when applying the
methods in Table I to the quartic function f 3 . The
difference between the result from applying the methods
directly to the quartic function (Fig. 5(a)) and from
performing the approximation in two steps (Fig. 5(b))
is striking. In the former case, only the Q5 rule with its
degree 9 is accurate enough to capture the true mean and
covariance. The MC method also recovers the true mean
and covariance, albeit with some small sampling errors.

With degree 5, the rule Q3 still provides the correct
mean whereas the remaining methods fail to do so. In
the later case, none of the methods (including the MC
method) can be expected to recover the true mean and
covariance, as a result of the intermediate step where
the non-Gaussian distribution of f 1 (x) is approximated
as a Gaussian, which results in information loss.
The two step computations result in comparable approximations in the sense that all methods underestimate the true covariance (as provided by MC and Q5 in
Fig. 5(a) and as dotted line in Fig. 5(b)) and rotate its
principal axes. T1 and D1 assert the smallest covariance
and put the mean close to the most likely value of the
resulting distribution. The similarity among the remaining approximations can be explained with the comparable Gaussian approximations of f 1 (x) that all methods
provide (Fig. 4(a)). The lack of performance can be explained by the fact that all methods ignore the skewness
in the distribution of f 1 (x). Note that MC, T2, T2S, Q3,
and Q5 are all identical, as they all perfectly capture the
two quadratic transformations, but that none of them are
correct due to the intermediate approximation.
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The result obtained from applying the approximations directly to f 3 yields less comparable results. D1,
U1, and D2 provide roughly the same estimates, slightly
worse than the sequential results. U2, T2, and T2S seriously underestimates the uncertainty and provide results
far from the correct Q5 estimate. Q3 obtains the correct
mean but underestimates the covariance. T1 and D1 no
longer agree due to the differences between the numerical and analytical derivatives for the degree-4 polynomial.
Overall, we conclude that of the studied methods
only Q5 and MC are suitable for the quartic function.
Interestingly, there seems to be a gain from performing
a two stage procedure where new sigma points are
selected when using methods of insufficient accuracy,
albeit the intermediate Gaussian approximation. Still,
directly computing the moments of f 3 (x) with a rule
of sufficient degree such as Q5 should be preferred if
computationally feasible.
B. Tracking Application
In this second set of examples we consider moment
computations problems that occur in target tracking, say,
for air traffic control. In our set-up the tracked aircraft
are described with a simple state-space model with the
state vector
x = [x,

y,

s,

h]T ,

(73)

where x and y make up the position in Cartesian coordinates [m], and s and h are the speed [m/s] and heading [rad], respectively.
A radar provides measurements y = h(x) + e of the
range, r, the bearing, Á, and the range rate, r_, with
p
2 3 2
3
x2 + y2
r
6 7 6
7
atan2(y, x)
h(x) = 4 Á 5 = 4
(74)
5,
s
(x cos(h) + y sin(h))
r_
r

where atan2 is the quadrant compensated arctangent
function.
The dynamic model for how the state evolves in time
is given by xk = f(xk¡1 , vk¡1 ), where
2

xk

3

2

xk¡1 + cos(hk¡1 )(sk¡1 + ¢sk¡1 )

3

6 y 7 6 y + sin(h )(s + ¢s ) 7
6 k 7 6 k¡1
k¡1
k¡1
k¡1 7
7
6 7=6
5
4 sk 5 4
sk¡1 + ¢sk¡1
hk

(75)

hk¡1 + ¢hk¡1

and v = [¢s, ¢h]T is process noise. Such models can
be used to describe highly maneuvering targets, for
example a flying robot, but also slowly maneuvering
aircraft.

One time step and measurement will be studied, with
3
2
xk¡1

7
6
yk¡1
7
6
7
6
4 sk¡1 + ¢sk¡1 5
hk¡1 + ¢hk¡1

02
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(76)

in the simulations below. This represents one step in a
filter solution to track the target, but retains the focus
on moment computation problems. For simplicity, the
speed and heading uncertainty for the current time step
is assumed to be included in the state already. This has
no impact on the end result as they always appear together in (75). The position and speed accuracy has been
exaggerated and the heading error is large to make the
example more illustrative. Hence, the observed effects
can be expected to be less pronounced in practice.
1)

Range and Bearing Measurements:
The range and bearing measurements obtained by a
radar are mildly nonlinear functions of the position, as
shown in the heatmaps of Fig. 6. The state estimate is
illustrated with an uncertainty ellipse that contains 95
percent of the probability mass. For the relevant positions, the heatmap appears similar to a linear function.
The approximate linearity is confirmed by computing
the moments of Taylor polynomials of different degree,
as suggested in Sec. III-C. There is hardly any change
for degrees above one.
Following the above considerations, it is not surprising to see that all the methods perform equally well.
The result is illustrated in Fig. 7, where it is virtually
impossible to tell the different methods apart.
2)

Range Rate Measurement:
Adding range rate to the measurement vector provides important additional information about the target
motion, but does at the same time add a more complex and nonlinear function that depends on all the state
components. At this distance, the range rate is almost
constant with respect to changes in the position, whereas
Fig. 8 illustrates that the range rate is nonlinear (approximately sinusoidal) in the heading angle.
Again, the methods in Table I are used to obtain
the mean and variance of the range rate. The result is
given in Fig. 9. The methods T2, T2S, D2, U1, U2, U3,
Q3, and Q5 are almost perfect matches with the MC
method. T1 and D1 provide virtually identical results
considerably underestimating the variance, and with a
significant bias coinciding with the most likely values
of the distribution. Thus, a reasonable choice of method
would be U3 which uses the least sigma points.
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Fig. 8. Range rate as a function of speed and heading of the target
when x and y have their mean values. The blue ellipse illustrates the
state uncertainty.

Fig. 9. Illustration of transformed range rate using the different
approximations. The black solid line here visualize the true
underlying function obtained with MC simulations.
TABLE II
Mean and variance matrix of the range rate based on Taylor
expansions of different degrees.

Fig. 6. Illustration of the severity of the radar measurement
nonlinearity. Note, the range and bearing ((a) and (b)) are
independent from the speed and heading. The blue ellipse represents
the state uncertainty. (a) Range as function of target position.
(b) Bearing as function of target position.

Degree

Mean

Covariance

1
2
3
4
5

¡250
¡215:7
¡215:7
¡218
¡218

25
2375.5
2370.1
1784.4
1784.5

interpretation of the result is that the range rate is
difficult to approximate by a polynomial of low degree
for the given input uncertainty.
3)

Fig. 7. Result obtained when applying the measurement function to
xk¡1 and visualizing the range and bearing components.

Table II shows the moments of different Taylor
polynomials of the range rate that have been computed
using the compact representation of Sec. III-C. It can
be seen that the mean value changes for every two
polynomial degrees added to the approximation. One
64

Dynamic Model and Measurement:
In the linear KF it is common to alternate between
time updates and measurement updates. As discussed in
Sec. II-D, in nonlinear KF the situation is not as clear
because the user can either combine the state transition
and measurement functions to jointly compute the moments of the predicted state and output; or introduce an
intermediate Gaussian approximation for the predicted
state and then compute the moments of the predicted
output. Also, see the related example in Sec. V-A.2.
Here, the two approaches are compared. The result
is presented in Fig. 10. First, notice that the state pre-
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In both cases the true distribution is well approximated
by Q3, Q5, T2, T2S, D2, U1, U2, and U3, whereas T1
and D1 provide worse results with bias and too small
covariances.
A conclusion from this experiment, supported by
the experiences in Sec. V-A.2, is that it is not obvious whether to keep the sigma points between the two
steps or to generate new ones. With the almost linear
range and bearing measurements it made no difference.
Furthermore, our results confirm the widespread view
that T1 and D1 tend to introduce biases and to underestimate the covariance due to their underlying linearity
assumptions.
VI. CONCLUDING REMARKS

Fig. 10. Illustration of separated and composed transformation
from xk¡1 to yk . Note that the MC solution is only correct in (c) as
an intermediate approximation is performed in (b). Therefore the
composed MC estimate has been added as dotted black line in the
latter case. (a) Time propagation, xk = f(xk¡1 ). (b) Sequential time
propagation and measurement prediction, yk = h(xk ). (c) Combined
time propagation and measurement prediction, yk = h(f(xk¡1 )).

diction results in a slightly banana shaped distribution
(Fig. 10(a)), as a result of the uncertain heading but
certain speed. Hence, the state transition is only mildly
nonlinear. All methods, except for T1 and D1, produce
mean and covariance estimates close to the true values.
Again, T1 and D1 stand out by underestimating the covariance.
Comparing the result from performing the transformation in two steps (Fig. 10(b)) and in a single step
(Fig. 10(c)) it is hard to tell the two approaches apart.

In this tutorial we have discussed the nonlinear
Kalman filter solution to the Bayesian filtering problem,
with a focus on sigma point filters. It was shown that
the central challenge in all Kalman filter algorithms is
the computation of the mean values and the covariance
matrices of nonlinearly transformed random variables.
These moments are then used in the measurement update. This unifying view facilitates an easier access to
the filtering literature for researchers who are new to the
field, and provides additional (perhaps subtle) insights
for the more experienced audience.
The underlying moment computation problem was
discussed in greater detail including its structural properties, common reformulations, and even a solution in
terms of the Taylor series. It is hoped that the presentation will facilitate a greater understanding of existing
methods as well as catalyze new methods with a solid
theoretical foundation.
The presentation of sigma point based moment computation methods which are motivated from the different concepts of density approximation (UT), numerical integration, and interpolation has shown significant
similarities between the approaches. Noticing the interrelations is beneficial, for example in the case of the
degree of integration rules and the accuracy statements
that follow for the UT.
The simulations have shown that for mildly nonlinear functions all approaches perform well. It was
seen that methods that are based on analytical Taylor
expansion work well if the function is well approximated by polynomials of the assumed degree. However,
if the degree of the approximation is too low, then the
performance can deteriorate. The investigated UT variants (including the cubature setup) showed solid performance throughout the examples, but not without failure
on some. Similar statements can be made for the divided
difference approaches. Both failed for one of the investigated quadratic functions. Two more accurate GaussHermite integration rules were shown to perform well,
but at the expense of more sigma points which prohibits
their use for high-dimensional problems.
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We conclude with the insight that for moment computation problems, it is important to understand the addressed nonlinearities, to understand the type of problems that can be accurately handled, and to understand
the limitations of sigma point methods. This is especially crucial in nonlinear Kalman filters which are
based on the chosen moment computation methods.
APPENDIX

First, we use the sigma points in (68) to derive the
Jacobian term of (54b). Using (53), the transformed
points can be written as
°
p
z1(§i) = f1 (x̂) § °J1 ui + uTi H1 ui :
2

For quadratic f this is not an approximation but exact
for any °. After pairwise processing and rearranging,
we can isolate the Jacobian
p
z (i) ¡ z (¡i) = 2 °Jui ,

A. About Matrix Square Roots
Any positive definite n £ n matrix, in particular the
covariance P of x » N (x̂, P), can be factored as
P 1=2 P T=2 = P

(77)

with an n £ n matrix square root P 1=2 .
The square root is not uniquely defined because any
P 1=2 U with orthogonal U is also a matrix square root
for P.
Matrix square roots can be computed using different algorithms [72]. The Cholesky factorization is a fast
method for computing a triangular P 1=2 . The singular
value decomposition enjoys desirable numerical properties but is computationally more demanding.
The ith column of P 1=2 is given by
ui = P 1=2 ei ,

(78)

(81a)

1
Jui = p (z (i) ¡ z (¡i) ):
2 °

(81b)

A summation over all Jui together with the result (79)
gives
JPJ T =

n
X

Jui uTi J T

i=1

n

=

1 X (i)
(z ¡ z (¡i) )(z (i) ¡ z (¡i) )T ,
4°

(82)

i=1

the desired first term of (54b).
Next, we address the trace term of (54b) which for
f1 and f2 can be written as

where ei is the ith basis vector in the standard basis
of Rn .
From the columns of P 1=2
n
X
P=
ui uTi
(79)

tr(H1 PH2 P) =

n X
n
X

tr(H1 ui uTi H2 uj uTj )

n X
n
X

uTj H1 ui uTi H2 uj ,

i=1 j=1

=

(83)

i=1 j=1

i=1

a sum of n2 terms. One term in the sum is given by

can be re-constructed.

uTj H1 ui uTi H2 uj :

B. Nested Covariance Computation for Partitioned x
Expression (38b) of Sec. III-B can be derived as
follows:

z1(i) + z1(¡i) = 2f1 (x̂) + °uTi H1 ui ,

= EfEfzz T j x2 gg

uTi H1 ui =
T

¡ EfEfz j x2 ggEfEfz j x2 gg
= Efcovfz j x2 gg

+ EfEfz j x2 gEfz j x2 gT g

¡ EfEfz j x2 ggEfEfz j x2 ggT
= Efcovfz j x2 gg + covfEfz j x2 gg:

C. Sigma Point Implementation of the Exact
Covariance for Quadratic f

The function f is quadratic. Each row fk can be
expressed by its Taylor expansion (53) with the Jacobian
Jk (x̂) and the Hessian matrix Hk . All Jk compose the
Jacobian matrix J. The dependence on x̂ is omitted for
convenience. For the following discussion we discuss
the first two rows f1 and f2 .

(84)

For i = j, we can extract (84) from (80)

covfzg = Efzz T g ¡ EfzgEfzgT
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(80)

1 (i)
(z ¡ 2z1(0) + z1(¡i) )
° 1

(85a)
(85b)

and
uTi H1 ui uTi H2 ui
=

1 (i)
(z ¡ 2z1(0) + z1(¡i) )(z2(i) ¡ 2z2(0) + z2(¡i) ):
°2 1
(85c)

That is as far as we can get with the original sigma
points (68). From here we start working with the extended sigma points (70) which are passed through f to
yield
p
°
z1(§ij) = f1 (x̂) §
J (u + uj )
2 1 i
°
+ (ui + uj )T H1 (ui + uj ):
(86)
8
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Again, we can isolate the Hessian term by a combination
of transformed samples similar to (85b). The resulting
expression
z1(ij) ¡ 2z1(0) + z1(¡ij)
°
= (ui + uj )T H1 (ui + uj )
4
° T
= (ui H1 ui + uTj H1 uj + 2uTj H1 ui )
4

[8]

(87)

involves a mixed j, i-term that we require for computing
(84) and also homogeneous terms (85c). We can now
isolate the mixed term 2uTj H1 ui of (87) by subtracting
expressions of the form (85b):
2uTj H1 ui =

[9]

[10]

4 (ij)
(z ¡ 2z1(0) + z1(¡ij) )
° 1

[11]

1
¡ (z1(i) ¡ 2z1(0) + z1(¡i) )
°

[12]

1
¡ (z1(j) ¡ 2z1(0) + z1(¡j) ):
°

(88)

Simplification yields
uTj H1 ui =

[7]

[13]

1
(4z (ij) + 4z1(¡ij)
2° 1
¡ z1(i) ¡ z1(¡i) ¡ z1(j) ¡ z1(¡j) ¡ 4z1(0) ):

(89)

[14]

Next, (84) can be written as product
uTj H1 ui uTi H2 uj =

1
4° 2

[15]

(90)

£ (4z1(ij) + 4z1(¡ij) ¡ z1(i) ¡ z1(¡i) ¡ z1(j) ¡ z1(¡j) ¡ 4z1(0) )

£ (4z2(ij) + 4z2(¡ij) ¡ z2(i) ¡ z2(¡i) ¡ z2(j) ¡ z2(¡j) ¡ 4z2(0) ):
Summation over i and j from 1 to n yields the trace
term of (83) and hence the second term of (54b).

[16]

[17]
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